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Integrated photonics provides an important platform for simulating physical models with high-
performance chip-scale devices, where the lattice size and the time dependence of a model are key
ingredients for further enriching the functionality of a photonic chip. Here, we propose and demonstrate the
construction of various time-varying Hamiltonian models using a single microresonator on thin-film
lithium niobate chip. Such an integrated microresonator holds high-quality factor to 10°, and supports the
construction of the synthetic frequency lattice with effective lattice sites up to 221 under efficient integrated
electro-optic modulation. By further applying different bichromatic modulations composed of two radio-
frequency signals oppositely detuned from the resonant frequency in the microresonator, we successfully
build various time-varying Hamiltonian models, where the temporal features of the dynamic band
structures are captured from experimental measurements, highlighting great flexibility and tunability of this
integrated chip. Our work presents a photonic chip for simulating versatile time-varying Hamiltonians,

which pushes forward quantum simulations and future photonic applications.
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Recent developments in photonic chips have exhibited
their great capability for achieving versatile physical models
with highly compact integration and small footprint size
[1-5], and enabling novel functionalities with program-
mable photonic circuits [6,7] toward quantum computing
[8—12], high-efficiency frequency conversion [13,14], and
high-bandwidth modulation [15,16]. For these on-chip
devices, photonic simulations of physical models with
the large scale and the on-demand tunability are usually
desired to trigger more opportunities for the integrated
photonic applications, where the adjustment can be
achieved by different fabrications for specific functionality
[17], controlled by patterned pump beams [18], or through
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cascading electro-optically and thermo-optically controlled
elements [6,19-21]. Although programmable waveguide
arrays are able to precisely control independent
Hamiltonian terms [22], these present configurations that
hold time-independent Hamiltonian features are limited to
static physical models. Recent updates on curved wave-
guides on photonic chips mimic the time-dependent
evolution of the model along the waveguide direction
[23], but the lattice site number is limited due to the small
footprint. On the other hand, periodically driven physical
systems characterized by time-varying Hamiltonians (i.e.,
Floquet system), hold profoundly distinctive features and
thus inspire strong study interests [24-27], with exotic
photonic phenomena including photon-assisted tunneling
[28], Floquet topological insulators [29,30], Floquet PT-
symmetry [31], and Floquet-Bloch oscillations [32].

The recent surge of interest in synthetic frequency
dimensions brings more opportunities to integrated pho-
tonics for exploring higher-dimensional physics in simple
structures with lower-dimensional geometry [33-40].

© 2025 American Physical Society
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The constructed physical models in the synthetic frequency
dimension depend on flexible external modulation, ena-
bling the realizations of rich exotic phenomena across
many photonic areas, including programming photonic
simulators [37], quantum walk combs [38], coherently
driven dissipative solitons [39], and extraction of the
topological invariant [40]. Taking advantage of the high-
quality (Q) factor, low loss, and dense integration of chip-
scale devices based on the lithium niobite on insulator
technology [1-4], a synthetic frequency dimension has also
been implemented on photonic chips [41-45], demonstrat-
ing interesting physics that includes random walks [41],
mirror-induced reflection [42], quantum simulators [43],
reconfigurable frequency lattices [44], and arbitrary-range
coupling models within on resonant peak [45].

In this Letter, we make an important step forward by
constructing various time-varying Hamiltonians in a high-
QO microresonator fabricated on a thin-film lithium niobate
(TFLN) chip. By applying a bichromatic near-resonant
electro-optic (EO) modulation with two modulation
frequencies oppositely detuned from the resonant fre-
quency, a periodically driven synthetic lattice model with
time-varying coupling strength is constructed in the
synthetic frequency dimension. Such synthetic lattice
supports a large number of sites up to 221, benefiting
from the high electro-optic coefficient, low loss, and high
quality of the TFLN chip. Following the band structure
measurement method in Refs. [33] and [35], we capture the
temporal features of the synthetic lattice by observing the
band trajectories, where the time-varying coupling
strength is manipulated by tuning the external driving
signal. We also showcase the capability of the fabricated
tunable device for constructing versatile time-varying
Hamiltonians by engineering the modulation patterns.
Our study presents a proof-of-principle demonstration
on simulating the time-varying Hamiltonians in a single
photonic chip, which holds great potential for future
simulations of periodically driven non-Hermitian models
in the integrated photonics [46—49].

We demonstrate the configurable construction of
a synthetic frequency lattice supporting various time-
varying Hamiltonian models in a racetrack microresonator
coupled with a bus waveguide, as sketched in Fig. 1(a),
fabricated on the x-cut TFLN photonic chip [50]. The
resonant frequency in the microresonator can be expressed
by w, = @y + nQg + 35, Djn' / j!, where w, is a refer-
ence frequency, n is the index for the n th mode, Qg /27 is
the free spectral range (FSR) of the resonator, D, denotes
the group velocity dispersion, and D;(j > 2) is related to
higher-order dispersion [57]. When D; < Qg, the effect of
dispersion can be neglected, and the resonant frequency
can be approximated as m,, = @, + nQg. A pair of electro-
des are placed on both sides of the microresonator,
enabling EO phase modulation with modulation frequency
Qy in the microwave regime. By applying modulation
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FIG. 1. (a) A racetrack microresonator is driven by a bichro-
matic near-resonant modulation. The yellow spheres denote the
constructed frequency lattice model with time-varying coupling
strength G(¢) labeled by the color-gradient arrows. (b) Schematic
evolution of the static band structures of the system with different
times. (c) Schematic band trajectory formed by the intersection
points in (b). (d) Through-port transmission spectrum (7 )
around the central wavelength 1568.19 nm with full width at half
maximum 0.15 GHz. (e) Measured integrated dispersion (D;,) as
a function of the pump wavelength. (f) The spectrum of the
generated EO frequency comb. The inset shows microscope
image of the fabricated racetrack microresonator.

go cos(Qy#) with coupling strength g, and Qy =~ Qg, a
one-dimensional (1D) synthetic lattice along the frequency
axis of light is constructed [50]. For Qy; = Qg, the model
gives the energy band as e(ky) = g, cos(kQg), where k/
denotes the wave vector reciprocal to the frequency
dimension with wunits as a time variable [33,35].
However, once we apply a bichromatic near-resonant
modulation J(7) = g, cos(Qy 1) + g2 cos(Qupt + @), with
Qv =Qr — A} and Qyp = Qg — A,, a time-varying
Hamiltonian is constructed [50],

H= ana;an + J(t)Z(aZHan + aILanH), (1)
n

n

with a)} (a,) being the creation (annihilation) operator for
the n th mode. We can set parameters g, = g, =
g, Ay = —A, = A. After transferring the Hamiltonian into
the interaction picture and taking the rotating-wave
approximation, we obtain a simplified Hamiltonian,

Hc = ZG([) (Cjzﬂcne_i(ﬁ/z + Czcnﬂeitﬁ/?), (2)
n

with a, = c,e”™" and G(t) = gcos(At + ¢/2). One can
see that the Hamiltonian in Eq. (2) describes a tight-
binding lattice model with nearest-neighbor (NN) coupling
being time-dependent. Such a time-varying Hamiltonian
holds a fundamental difference from a static Hamiltonian
in quantum mechanisms. To see such difference, we
convert the Hamiltonian in Eq. (2) into the k; space at
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each time slice and obtain the instantaneous band structure
of the system as

&, () = 2G(t) cos <kaR + g) (3)

One can see that for a time-varying model, the coupling
strength is not constant but varied in time with oscillation
period 2z/A. Such time-varying model exhibits the cosi-
nusoidal-shape band feature, while the amplitude of the
band oscillates over time holding the same oscillation
period with G(¢) and oscillation rate being proportional to
A [see Fig. 1(b)].

To explore such a time-varying Hamiltonian with the
periodicity, Floquet theory is usually used [24-27]. For
Eq. (2), Floquet analysis results in time-independent and
completely flat bands, which are not easy to measure
directly [50]. Alternatively, one can track the evolution
trajectory of the time-varying band structure using the
dynamic band structure method [35]. The main idea is that
the system is excited at the linearly varying frequency w(7),
which hits the dynamic band structure in each time slice,
ie., & (t,) = w(t,) = 27nt,, where m is an integer. n
denotes the changing rate of the input frequency w, which
represents how fast w(f) scans across one resonant dip
versus ¢. At any given time slice ¢,,, the frequency w(t,,) can
excite the corresponding eigenvalues on the band ¢, f(tm)

[the intersection points are labeled by the colored circles in
Fig. 1(b)], which are two wave vectors kg, ; and kg,
satisfying Eq. (3). By connecting [k, 1(2). ekf(tm)] for all
time slices, one obtains the trajectory of the dynamic band
structure as illustrated in Fig. 1(c).

In experiments, we fabricate the racetrack microresona-
tor on TFLN chip with a circumference of 26.5 mm [see
Fig. 1(f)]. We obtain a loaded Q factor of Q; = 1.23 x 10°
and measured FSR of Qy /27 = 4.955 GHz [see Figs. 1(d),
S9(b), and S9(c)]. Broadband EO frequency comb gen-
eration can be achieved by dispersion engineering [58,59].
The microresonator we design holds very small dispersion
around the whole communication band [see Fig. 1(e)],
where the measured second-order group velocity dispersion
parameter is |D,| = 2z x 6 kHz < Qg [50]. The micro-
resonator is then resonantly pumped at wavelength of
1568.19 nm (wy = 27 x 191 THz) with 14 dBm input
optical power [see Fig. S9(c)] [50], while the electrodes are
under resonant EO modulation V,cos(Qg?) driven by a
20 dBm radio-frequency (rf) signal. An optical frequency
comb is obtained with a frequency spanning of 1095 GHz,
up to 221 resonant modes, before the comb signal is
overwhelmed by local white noise as plotted in Fig. 1(f).

To implement the Hamiltonian in Eq. (2), one can
apply a bichromatic EO modulation signal on the elec-
trodes in the form of V(¢) = Vjcos[(Qr — Aeyp)t] +
Vicos [(Qr + Aexp)t + @], which is composed by two

radio-frequency signals with their modulation frequencies
oppositely detuned from the resonant frequency Qg, i.e.,
Ap = —A, = A, To unveil the dynamics in the built
synthetic lattice, we perform the dynamic band structure
measurement by using the time resolved transmission
spectroscopy [see Supplemental Material (SM) [50]
Note 5] [33,35]. We linearly scan the pump laser across
several FSRs around the central wavelength 1568.19 nm
with the frequency scanning rate v = 2.8 GHz/ms [50]. A
0.5 ms acquisition of the through-port transmission spec-
trum (7,,,) modulated periodically following the modula-
tion frequencies of V(¢) is recorded on the oscilloscope,
corresponding to a scanning range 0.28Qx ~ 1.4 GHz. The
Brillouin zone of the reciprocal space for the frequency
dimension is presented by one round-trip time of the
microresonator Ty = 27/Qg ~ 0.2 ns [33], where the time
within each slice is ky. We first convert the through-port
transmission spectrum 7, to the transmission signal S,
by Sout = 1 — Toy» Which is then broken into time slices
with fixed time windows. Within each time slice the input
frequency can be approximated as unchanged (labeled
as w) and regarded as a fixed input frequency detuning,
where one or more transmission peaks are expected in
correspondence to those intersection points at which Eq. (3)
is satisfied (see Fig. S11 [50]). Therefore, each time slice
gives the detection of a band at the energy @ and the wave
vector k at an instantaneous band. By stacking these time
slices vertically as a function of the input frequency, one
obtains the trajectory of the time dependently moving band
structure.

In the first set of experimental demonstration, we vary
Agyp/27 from 0, 3, 5 to 10 kHz, where the measured
trajectories of the corresponding band structure are shown
in Figs. 2(al)-2(a4). Note that we slice the transmission
signal by two round-trip times of the microresonator for
better viewing the trajectory over the Brillouin zone in the
k; space, which gives the horizontal periodicity of the band
structure k Qg € [-7,3x]. The system exhibits a static
lattice model with A.,, = 0 (corresponding to the resonant
modulation case where Qy; = Qyp = Q) for the cou-
pling strength G(#) being a constant, where the band
structure exhibits a cosinusoidal shape [see Fig. 2(al)].
The dynamic feature manifests once the time-varying G(¢)
in Eq. (3) is built (A, # 0), where the measurements give
splitting patterns as shown in Figs. 2(a2)-2(a4). The
trajectory of the dynamic band structure associated to
different time-varying Hamiltonians is along the vertical
energy axis. It also reflects the stationary wave feature of
the band structure due to the time-varying coupling
strength. The splitting band number increases with the
frequency detuning while the vertical energy window
remains unchanged. Such splitting results from the eigen-
value of energy at fixed k position oscillating faster due to
the larger oscillation rate of G(7) when increasing A. It
leads to more intersection points between the eigenvalue of
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FIG. 2. (al)—-(a4) Measured trajectories of dynamic band
structures under EO phase modulation V(¢) with varied Ay,
and ¢ = 1.5z. (bl)—(b4) Vertically normalized power distribu-
tions at the position k(g = 0.27, labeled by the dashed lines in
(al)—(a4). (c1)—(c4) Simulated band trajectories, with different A,
and g =04, ¢ = 1.5z, n = 0.002.

energy on the band at kQg = 0.2z and the input frequency
w(t) (see Fig. S3 [50]), as seen in corresponding power
distributions for the field in Figs. 2(b1)-2(b4), where the
peaks label the frequency positions of these intersection
points. The oscillation of the eigenvalues can also cause the
group velocity of mode spreading along the frequency
dimension, leading to Bloch oscillation with oscillation
period being 27/ A (see Fig. S4 [50]). We also simulate the
dynamic band structures by solving the coupled-mode
equations from the Hamiltonian in Eq. (2) numerically
[see Figs. 2(c1)-2(c4)] [50], where the effects from total
loss and coupling loss are considered. Note that the
simulation parameters A, g are normalized in the unit of
Qg /27, and 7 is normalized in the unit of (Qg/27)%. It
gives the resulting trajectories relatively agreeing well with
the experimental results, where the difference between
them might result from the disturbance of the environment
and experimental devices as well as the approximations
used in simulations.

In the Hamiltonian of a one-dimensional lattice model
under a constant force [35,41], the phase information does
not affect the pattern of band trajectory. It only leads to the
shift of band trajectory along the horizontal k, direction (see
Fig. S6), while the resulting Bloch oscillation also remains
unchanged when varying ¢ (see Fig. S7) [50]. Nevertheless,
the phase in our constructed time-varying Hamiltonian here
significantly affects the pattern of band trajectory as shown
in Fig. 3, due to the simultaneous influence of phase on the
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FIG. 3. (al)-(a4) The evolution of the static band structures
of the system in different phase differences ¢ with time
varying from ¢, to t,. The colored circles label the intersection
points of the excitation frequency (dashed lines) and the corres-
ponding static band structure at different times. (bl)—(b4)
Measured band trajectories under the same modulation form
in Figs. 2(al)-2(a4) but with varied phase difference ¢ and
Axp = 27 x 5 kHz. (c1)~(c4) Simulated band trajectories with
different phase difference ¢, and g = 0.4, A = 0.1, n = 0.002.
Note in (a3), the purple dashed line at 7, does not intersect with
the purple energy band, so there is no purple circle.

coupling strength G(¢) and the static band part cos(k Qg +
¢/2) in Eq. (3). We explain this simple physical picture
using the theoretical static band structures at different time
slices (t;, t,, t5, t4) with the fixed A = 0.1 and the varying
phase difference ¢ in Figs. 3(al)-3(a4). We see that the
bands evolve along the horizontal k direction when varying
¢ with a periodicity of 2z, and the shape of G(z) is
also modified by ¢ at different time slices. In experiments,
we fix A, = 27 x 5 kHz and change ¢ from 0, 0.5z, =,
to 1.5z. The measured band trajectories are plotted in
Figs. 3(b1)-3(b4), which matches well with numerical
simulations in Figs. 3(c1)-3(c4). The phase information
also affects the mode evolution (see Fig. S5), where the
mode distribution patterns vary with phases [50]. The
measured bands in Figs. 2 and 3 indicate that our exper-
imental setup exhibits relatively low loss benefiting from the
high-Q factor of the microresonator, which provides the
capability for the on-demand photonic simulations of time-
varying Hamiltonians.

Our chip can provide further opportunity for studying
more complicated time-varying Hamiltonians. To show
such cases, we rewrite the band structure in Eq. (3) to a
general form,

Ekf(t) =01 COS(kaR —Alt) +gchS(kaR+ A2t+¢), (4)
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FIG. 4. Synthetic frequency lattice models and measured
band trajectories under different combinations of rf signals:
(al), (bl), V(2); (a2), (b2), V,(r); and (a3), (b3), V;(¢), with
A = 2 x 5 kHz. The arrows in (al)-(a3) denote the direc-
tions of the generated effective external forces. (c1)—(c3) The
corresponding simulated band trajectories.

which represents the superposition of two traveling-wave-
feature band components. By separately manipulating
either one of the two components in Eq. (4), one can
obtain arbitrary designed band shapes, corresponding to
versatile time-varying Hamiltonians. In experiments, we
first consider the single near-resonant modulation with the
if signal having the form V(f) = V(cos[(Qr — Aeyp)1]s
i.e., the second component in Eq. (4) is zero. It leads to the
band structure @, (t) = Vcos(k;Qg — Acypt), which cor-
responds to the model of a 1D photonic lattice under an
external force F [see Fig. 4(al)] [35]. One sees that the
band trajectory shifts over time along the k; axis, as
illustrated in the experimental measurement in Fig. 4(bl)
and the numerical simulation in Fig. 4(cl). Furthermore,
we choose rf signal V(1) = V(cos[(Qr + Aexp)t] +
Vi cos[(Qr — 2A¢p)t], composed of two  near-
resonant modulations with asymmetric and unbalanced
frequency detunings. It gives the band structure
@, (1) = 2V c0s (3A¢xpt/2) cos (k;Qp — Aeypt/2), which
constructs a time-varying lattice under the effective external
force F, [see Fig. 4(a2)]. It leads to the band structure
oscillating along the vertical energy axis while shifting
along the k; direction [see Figs. 4(b2) and 4(c2)]. Lastly,
we set V3(t) = Vcos[(Qg + Acxp)t] + Vo cos[(2Qr —
2A¢yp)t], combining both the NN coupling and next-
nearest-neighbor coupling near twice the number of
FSRs, which gives w;(t) = Vocos(k;Qp + Agypt)+
Vi cos(2kQp — 2A¢pt). This choice of the modulation
gives a 1D lattice under two effective external forces F3 and
F, with opposite directions along NN and next-nearest-
neighbor couplings, respectively [see Fig. 4(a3)], where the

measured and simulated band trajectories are plotted in
Figs. 4(b3) and 4(c3). To illustrate the slant of the band
structures, we label the slopes of the band patterns by the
black dashed lines in Figs. 4(c1)-4(c3), where the hori-
zontal and vertical time dependencies of the band structures
are determined by the frequency detunings (A) and the
changing rate of input frequency (), respectively. For the
cases in Figs. 4(cl) and 4(c2), where only one effective
force exists, the slopes are /A and 1/(A/2), respectively.
As for Fig. 4(c3), where two effective external forces exist,
the slope is estimated as n/(A/3). Similarly, the exper-
imental slant of the band structures is proportional to
multiple of v/A.yp.

In conclusion, we demonstrate the photonic analog of
various time-varying Hamiltonian models in a single micro-
resonator fabricated on a TFLN chip. By applying the
bichromatic EO modulation with two near-resonant modu-
lation frequencies oppositely detuned from the resonant
frequency, a high-quality synthetic frequency lattice with
time-varying coupling strength is constructed. Such lattice
holds a dynamic band structure, where a corresponding
evolution trajectory can be tracked in the experiment. We
have demonstrated versatile periodically modulated lattice
models constructed in the same chip, where band trajecto-
ries are measured and verified by simulations. Our work can
be potentially extended to explore two-dimensional time-
varying Hamiltonian models by coupling multiple high-Q
microresonators as additional spatial dimension. In this
design, each ring can be manipulated individually, and
brings more flexibility and controllable degrees of freedom
to the system, where non-Hermitian physics might also be
explored if amplitude modulation is integrated [46,49]. By
further combining external modulation at the frequency of
multiple FSRs to fold the frequency axis of light, the
dimensionality of synthetic space might be further increased
[37,60,61]. Therefore, our work plays a cornerstone role in
exploring higher-dimensional time-dependent physics in
photonic chips.
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